Abstract. We initiate the study of harmonic Cheeger-Simons characters, with applications to smooth versions of the Geometric Langlands program in the abelian case.
Introduction
Cheeger-Simons characters, also known as differential characters, provide a useful refinement of integral cohomology incorporating differential forms. The original construction and basic properties are summarized in [2] , which also details corresponding refined characteristic classes and associated applications. Such refinements of cohomology theories are now known as differential cohomology theories. A recent, elegant treatise on the subject is [10] , which includes a construction of differential versions of arbitrary generalized cohomology theories, together with interesting applications, such as to quadratic refinements of the intersection pairing on a smooth manifold. An application to abelian gauge theories, the simplest example being electromagnetism, can be found in [4] , where it is shown that in the quantum theory, fluxes may not be simultaneously measurable. There have also been numerous other applications, either of Cheeger-Simons characters or of its equivalent, Deligne cohomology (cf. [1] ), both in mathematics and mathematical physics.
For a compact Riemannian manifold X, we introduce the notion of harmonic Cheeger-Simons characters in Definition 3.2, and establish the fundamental exact sequences that it satisfies in Lemma 3.3 as well as some of the basic properties such as Poincaré-Pontrjagin duality in subsection 3.1. The group of all harmonic Cheeger-Simons j-charactersȞ j (X) form a subgroup of the group of all Cheeger-Simons j-characters, and a crucial point established here is thatȞ • (X) is finite dimensional, and can be viewed as a refinement of the space of harmonic forms on X, as it also encodes the torsion subgroup of H • (X, Z). In fact, we establish an analogue of the Hodge theorem in this context in Proposition 3.4. We also compute these groups for several examples in this section, such as for compact connected Lie groups endowed with a bi-invariant Riemannian metric in Lemma 3.7.
In the last section, we introduce the harmonic Picard variety for compact Riemann surfaces, which is fundamental for several constructions related to the smooth analogue of the Geometric Langlands program in the abelian case, as established in Theorem 4.1. The Geometric Langlands program is currently of central importance in gauge theory and string theory due to the relationship with S-duality in supersymmetric gauge theory in four dimensions. Although still a conjecture in the general nonabelian case, recently several important insights have been given by E. Witten and his collaborators, in a series of long papers starting with [11] .
Preliminaries
Here we recall for convenience some classical results on line bundles over surfaces and connections on these, whose proofs are included for the convenience of the reader. Also included are sections recalling results on symmetric products of surfaces and characters of the fundamental group, which is mainly used in §4.
2.1.
Divisor line bundles on oriented surfaces. Let X be an oriented surface, and p ∈ X. Then we can cover X with two open sets, U 1 ∼ = R 2 a coordinate neighbourhood of p, and U 0 = X\{p}.
We define a complex line bundle D p over X, called the divisor line bundle associated to p ∈ X, by taking the transition function g 01 on U 0 ∩ U 1 to be the pullback from S 1 of an S 1 -valued smooth map of degree one, whose homotopy class is the generator of H 1 (S 1 , Z). The choice of orientation on X induces an orientation on S 1 and hence a choice of generator. Since there are only two open sets in this definition, nothing further needs to be checked. If X is compact, then the first Chern class, c 1 (D p ) ∈ H 2 (X, Z) ∼ = Z is the generator, and a refinement of this statement will be discussed in the sequel. This construction is a smooth analogue of the well known construction of a holomorphic line bundle associated to a point in a Riemann surface.
2.2.
Connections with harmonic curvature on divisor line bundles. Now suppose that X is a compact oriented surface. Choose a Riemannian metric g on X with volume form V and total volume 2π. Then V is a harmonic 2 form, which represents the image of the generator of H 2 (X, Z) in H 2 (X, R). We will now construct a connection, ∇ p , with curvature V , on the divisor line bundle D p associated to a point p ∈ X.
We shall use the language of currents, or distributional forms. On an n-manifold M , a smooth k-form α defines a linear form on Ω n−k (M ) by
and then by Stokes' theorem dα, β = (−1) k+1 α, dβ .
The theory of de Rham currents considers general continuous linear functionals on Ω n−k (M ), rather than just those coming from k-forms as above. In particular, an example in the case k = n is the Dirac delta function δ p associated to a point p ∈ M , defined as δ p (φ) = φ(p). There is also an analogous Hodge theory of currents (cf [3] ).
The homology class of a point p ∈ X is dual to the de Rham cohomology class of V /2π. In terms of currents, the degree 2 current V − 2πδ p is null cohomologous. It follows from the Hodge theory of currents that there is a degree 2 current H 0 such that
The current H 0 is unique up to the addition of a constant multiple of V , and by elliptic regularity H 0 is a 2-form which is smooth except at p where the function φ = * H 0 has a singularity of the form φ = constant. log(r) + . . . Choose a local smooth 2-form H 1 on the coordinate neighborhood U 1 such that ∆H 1 = V and define the 1-forms
Hence, the locally defined 1-forms {F 1 , F 0 } will patch together to give a connection on the line bundle D p with curvature V , provided (F 1 − F 0 )/2π = d log(g 01 ) on the overlap U 0 ∩ U 1 ∼ = R 2 \{0} determines a cohomology class which is the generator of H 1 (R 2 \{0}) ∼ = Z. Consider a closed ball B centred at p in the coordinate neighborhood U 1 and ϕ a smooth function of compact support in U 1 which is identically 1 in a neighborhood of B. By the definition of H 0 and H 1 ,
ϕV − 2πϕ(p) and
is a smooth closed 1-form outside p, so we can equivalently consider its restriction to B, and since ϕ = 1 on B, we see by Stokes theorem that,
determines an integral cohomology class, which is a generator of the cohomology group as asserted. Thus we have produced a connection on the divisor line bundle D p , represented by the pair of local 1-forms {F 1 , F 0 } = ∇ p , whose curvature is equal to the harmonic 2-form V .
2.3. Symmetric products of spaces. Let M be smooth manifold. On the n-fold Cartesian product M n , one can define an action of the symmetric group S n as follows. Recall that S n consists of bijections θ : {1, 2, . . . , n} → {1, 2, . . . , n} (also called permutations of n letters) and has order equal to n!, where S 2 = Z 2 and S n is nonabelian when n > 2. The action of S n on M n is given by
The quotient M n /S n is an orbifold denoted by Sym (n) (M ) and is called the n-th symmetric product of M . It consists of all the unordered n-tuples of points in M .
In the special case when dim(M ) = 2, the symmetric product Sym (n) (M ) is not just an orbifold, but is a manifold; details can be found in [6] , page 236. The key point is the observation that Sym (n) (C) is diffeomorphic to C n via the diffeomorphism φ given by φ(z 1 , . . . z n ) = (σ 1 , . . . σ n ), where σ j , j = 1, . . . , n are the elementary symmetric functions in z 1 , . . . , z n , that is, the coefficients of the polynomial p(z) = n j=1 (z − z j ). For example, Sym (n) (CP 1 ) ∼ = CP n , which can be deduced using the Schubert cell decomposition of CP 1 and CP n . Also, Sym (n) (T 2 ) is a fiber bundle over T 2 with fiber diffeomorphic to CP n−1 , cf.
[12]. This description enables one to determine many useful facts about the topology of Sym (n) (T 2 ). The product map M n × M m → M n+m descends to a continuous map of the quotient spaces
and is given by ([
in the weak topology. It is a commutative, associative H-space with a strict identity element. The Dold-Thom theorem (cf [8] ) asserts that there is a homotopy equivalence
where the right hand side denotes the cartesian product of Eilenberg-Maclance spaces. In particular, when M is a compact Riemann surface of genus equal to g, one has the homotopy equivalence
If f : M → N is a continuous map, then it induces in a natural way a map on the cartesian products f n : M n → N n , which descends to a continuous map and Sym (n) (g). In particular, if there is a homotopy equivalence M ∼ N , then there is a homotopy
2.4. Characters of the fundamental group and of the first homology group. Suppose M is path connected. Then the Hurewicz theorem gives a canonical homorphism φ :
which is surjective, and has kernel the commutator subgroup
As such, this homomorphism descends to an isomorphism between the abelianization of the fundamental group,
Since every character of π 1 (M ) factors through its abelianization, it induces a character of H 1 (M, Z). Conversely, every character of H 1 (M, Z) pulls back via φ to a character of π 1 (M ). This sets up a bijective correspondence between characters of π 1 (M ) and characters of H 1 (M, Z). The following proposition, which will be used in §4, is due to [7] and asserts in particular the surprising fact that the fundamental group of symmetric products of a Riemann surface, is abelian.
Proposition 2.1. If M is a Riemann surface and n > 1, then
Corollary 2.2. The characters of π 1 (M ) are in bijective correspondence with the characters of π 1 (Sym (n) (M )).
Harmonic Cheeger-Simons characters
We begin by reviewing the definition and some basic properties of Cheeger-Simons characters on a smooth manifold X, cf. [2, 4, 10] . If X is a compact Riemannian manifold, then we introduce the notion of harmonic Cheeger-Simons characters in Definition 3.2, and establish the basic properties in Lemma 3.3 and Proposition 3.4. Definition 3.1. A Cheeger-Simons j-character is an element χ ∈ Hom(Z j−1 (X), R/Z) such that there is a j-form F χ on X with the property that if Σ ∈ B j−1 (X), i.e Σ = ∂Q, then
This automatically implies that F χ is a closed j-form, with integral periods, which we shall write as F χ ∈ Ω j Z (X). The form F χ is uniquely determined by the character χ, and referred to as its fieldstrength or curvature. The group of Cheeger-Simons j-characters is denoted byȞ j (X), where the group law is given by pointwise sum of Cheeger-Simons characters. We often also denote elements inȞ j (X) by [Ǎ] , whereǍ is a locally defined (j − 1)-form on X sometimes called a vector potential, such that dǍ is the globally defined form given by the fieldstrength.
In addition to the mapping F :
given by the fieldstrength, there is a mapping c :
, called the characteristic class map, for which the following diagram commuteš
Here the rightmost arrow is given by taking de Rham cohomology classes, and the bottom arrow is induced by the inclusion Z → R. There are two fundamental exact sequences associated toȞ j (X). The first is related to the fieldstrength and given by
The other is related to the characteristic class and given by
These exact sequences give a picture of the structure of the Cheeger-Simons cohomology groups, viz that they are infinite dimensional, with components labelled by H j (X, Z) and each component is a torus bundle with typical fiber H j−1 (X, Z) ⊗ R/Z, over the infinite dimensional vector space
cl (X) denotes closed forms. In particular, the exact sequences (3.1) and (3.2) show that the Cheeger-Simons groupsȞ • (X) can be viewed as a refinement of the de Rham cohomology of X, as it also encodes the torsion subgroup of H • (X, Z).
If X = (X, g) is a compact Riemannian manifold, then the space of harmonic j-forms H j (X) can be defined and is, by the Hodge theorem, isomorphic to H j (M, R), while the harmonic j-forms with integral periods H j Z (X) form a lattice isomorphic to the image of H j (M, Z) in H j (M, R). In this situation we will define as follows, a finite dimensional subgroup of the full Cheeger-Simons character group which encodes the same topological information.
For the remainder of this section, let X be a compact Riemannian manifold.The following is the main new definition that we introduce in the paper.
Definition 3.2.
A harmonic Cheeger-Simons j-character is a character χ ∈Ȟ j (X) whose fieldstrength F χ is a harmonic differential form.
Remark. The harmonic Cheeger-Simons j-characters form a subgroup ofȞ j (X) which we denote by H j (X). The crucial point established in the following Lemma is thatȞ • (X) is finite dimensional, and can be viewed as a refinement of the space of harmonic forms on X, as it also encodes the torsion subgroup of H • (X, Z). Moreover, it has many properties analogous to the full CheegerSimons character group. Lemma 3.3. There are two fundamental short exact sequences associated toȞ j (X), namely a fieldstrength sequence,
and a characteristic class sequence,
Proof. The restriction of F :
, is by definition surjective. Since ker(F ) ⊆Ȟ j (X) it follows that ker(F res ) = ker(F ) ≃ H j−1 (X, R/Z). From which we deduce the exact sequence (3.3) immediately.
The restricted map c res :Ȟ j (X) → H j (X, Z) can be seen to be onto as follows. Consider a class [u] ∈ H j (X, Z). Then by the Hodge theorem, there is a harmonic form h ∈ H j (X)
The kernel of c res can be computed by considering the map
appearing in (3.2), which maps onto ker(c). This map ϕ takes α ∈ Ω j−1 (X) (viewed as a cochain via integration over chains) to the differential character f α =α| Z j−1 which has curvature dα. The Hodge decomposition implies that closed forms split as Ω j cl (X) = B j (X) ⊕ H j (X), where B j (X) denotes exact forms. It then follows that
, so that the exactness of (3.4) follows.
The analogue of the Hodge theorem in this context is the following. We now give some examples of the group of harmonic Cheeger-Simons characters.
(1) When X = pt, the only nontrivial groups of harmonic Cheeger-Simons characters arě H 0 (pt) = Z andȞ 1 (pt) = R/Z. (2) If X is a compact, connected oriented Riemannian manifold of dimension equal to N , theň H 0 (X) = Z andȞ N +1 (X) ∼ = R/Z. More precisely, the isomorphism is defined as follows. Any class inȞ N +1 (X) is topologically trivial, hence any vector potential is a globally defined formǍ ∈ Ω N (X), and the integration homomorphism
It is just the restriction toȞ N +1 (X) of the integration map on the group of Cheeger-Simons charactersȞ N +1 (X). (3) Using the fundamental exact sequence of Lemma 3.3, we see thať
It is well known (and easy to show) that H 1 (X, Z) ∼ = [X, R/Z] and thatȞ 1 (X) ∼ = C ∞ (X, R/Z). There is an analogous interpretation of the group of degree 1 harmonic Cheeger-Simons characters, given in terms of harmonic maps, defined as follows. Definition 3.5. A smooth map f : X → R/Z is said to be harmonic if log(f ) : X → R is a harmonic function, where X denotes the universal cover of X, and where we observe that γ * log(f ) = log(f ) + c γ , ∀ γ ∈ π 1 (X), where c γ ∈ 2πZ. Let Harm(X, R/Z) denote the space of all harmonic functions from X to R/Z.
The interpretation is then given as follows.
Lemma 3.6. Let X be a compact, connected oriented Riemannian manifold. Theň
Proof. We show that via the isomorphism C ∞ (X, R/Z) ∼ =Ȟ 1 (X), the subgroup Harm(X, R/Z) of C ∞ (X, R/Z) corresponds to the subgroupȞ 1 (X) ofȞ 1 (X). If f ∈ C ∞ (X, R/Z) then consider the closed 1-form on X, θ = d(log(f )). Now γ * θ = dγ * (log(f )) = d(log(f )) = θ, therefore θ descends to a 1-formθ on X, which coincides with the fieldstrength of f , viewed as a differential character.
If f ∈ Harm(X, R/Z), log(f ) is a harmonic function on X, and d * (θ) = d * d(log(f )) = 0. Therefore θ is a harmonic 1-form on X and henceθ, the fieldstrength of f , is a harmonic 1-form on X.
Conversely if f has fieldstrengthθ ∈ H 1 Z (X), then d(log(f )) = π * θ , where π : X → X is the projection map. Sinceθ is harmonic, we have d * d(log(f )) = d * π * θ = 0. So f ∈ Harm(X, R/Z).
3.1.
Poincaré-Pontrjagin duality. For a compact, connected, oriented manifold X, Poincaré-Pontrjagin duality asserts that there is a perfect pairing defined by,
where ⋆ is the star product on Cheeger-Simons characters. We caution the reader that the product of harmonic Cheeger-Simons characters is a Cheeger-Simons character, but which may not be harmonic. This is because the field strength F χ 1 ⋆χ 2 = F χ 1 ∧ F χ 2 is not necessarily a harmonic form even though F χ 1 and F χ 2 are harmonic forms. What is meant by a perfect pairing is that every homomorphismȞ j (X) −→ R/Z is given by pairing with an element ofȞ N +1−j (X). In order to justify Poincaré-Pontrjagin duality, we consider two exact sequences. The first is the fieldstrength sequence in degree j
together with the characteristic class sequence in degree N + 1 − j,
Recall that there is a standard perfect pairing
given by multiplication and integration, and also the perfect pairing,
These pairings induce isomorphisms which we denote by
respectively. The pairing given by (3.5) induces a mapping ϕ :Ȟ j (X) → Hom(Ȟ N +1−j (X), R/Z). We deduce that ϕ is an isomorphism as follows. The functor Hom(·, R/Z) is exact, so when applied to (3.7) we obtain an exact sequence which can be combined with the exact sequence (3.6) into the following diagram,
where we have abbreviated Hom(·, R/Z) to D(·). An elementary fact from homological algebra, known as the 'short five lemma', states that for any such diagram with exact rows which is commuting and where α and β are isomorphisms, ϕ must also be an isomorphism. Since here α and β are known to be isomorphisms, it only remains to show that the diagram commutes to apply this lemma. To see that the right square commutes, consider χ ∈Ȟ j (X) and h ∈ H N −j (X). Then it is sufficient to show that
Now consider a ∈ H j−1 (X, R/Z) and χ ∈Ȟ N +1−j (X). Then since ι(a) ⋆ χ ∈Ȟ N +1 (X) there is a form τ ∈ Ω N (X) such that ι(a) ⋆ χ = I(τ ). However ι(a) ⋆ χ = ι(a ∪ c(χ)), so it must have vanishing fieldstrength, dτ = 0, and τ mod Z is a representative cocycle for a ∪ c(χ). Hence
and it follows that the left square in the diagram commutes.
Since the hypotheses of the 'short five lemma' hold, we deduce that ϕ is an isomorphism, giving the Poincaré-Pontrjagin duality (3.5).
Harmonic Cheeger-Simons characters on compact Lie groups.
Here we will identify harmonic Cheeger-Simons characters on a compact connected Lie group G. A Cheeger-Simons character χ on G is said to be left invariant if L * γ (χ) = χ for all γ ∈ G, where L γ denotes left translation by γ ∈ G. χ is said to be right invariant if R * γ (χ) = χ for all γ ∈ G, where R γ denotes right translation by γ ∈ G. χ is said to be bi-invariant if it is both left invariant and right invariant. Clearly the fieldstrength of a bi-invariant Cheeger-Simons character is a bi-invariant differential form. LetȞ j (G) inv denote the subgroup of all bi-invariant Cheeger-Simons characters on G.
Lemma 3.7. Let G be a compact connected Lie group endowed with a bi-invariant Riemannian metric. Then the harmonic Cheeger-Simons characters on G are precisely the bi-invariant CheegerSimons characters on it.
Proof. Since G is connected, it acts trivially on H j (G, R/Z), and we can choose an equivariant set theoretic splitting of the fieldstrength exact sequence. This splitting then induces an isomorphism of G-sets φ :
, which is compatible with the fieldstrength map, F • φ = p 2 , where p 2 is projection onto the second factor. From this we deduce that a character is bi-invariant if and only if it has bi-invariant curvature. By a theorem of Hodge, cf. Theorem 7.8 in [9] , the harmonic forms on G coincide with the bi-invariant differential forms on it, and so the bi-invariant characters are precisely the harmonic characters.
The star product χ 1 ⋆ χ 2 of harmonic Cheeger-Simons characters χ j , j = 1, 2, is not in general a harmonic Cheeger-Simons character, since the fieldstrength satisfies F χ 1 ⋆χ 2 = F χ 1 ∧ F χ 2 , and because it is well known that the wedge product of harmonic forms is not in general a harmonic form. However, in the case of compact connected Lie groups, we can use the Lemma 3.7 above and the fact that the wedge product of bi-invariant forms is bi-invariant, to deduce the following. 
The harmonic Picard variety and the smooth geometric Hecke correspondence
In this section, we introduce the harmonic Picard variety, which is fundamental for several constructions. We also establish the geometric Hecke correspondence for the abelian group U (1) in the smooth context. This correspondence in the holomorphic context was established by Deligne, cf. the nice lecture notes [5] .
Geometric Hecke operators.
Suppose that X is a compact oriented surface with a Riemannian metric g on X whose volume form is V and whose total volume is equal to 2π. Then define the harmonic Picard variety,
where L is a complex line bundle over X, ∇ a connection on L whose curvature 2-form is equal to F ∇ , and ∼ denotes isomorphism of line bundles with connection. It is well known, cf [1, 10, 4] and references therein, that the 2nd Cheeger-Simons cohomology groupȞ 2 (X) is isomorphic to, {(L, ∇)} / ∼, where L is a complex line bundle over X, ∇ a connection on L, and ∼ denotes isomorphism of line bundles with connection. Under this isomorphismȞ 2 (X) ⊆Ȟ 2 (X) corresponds to (isomorphism classes of) line bundles with connection with harmonic curvature. Since X is compact and connected, H 2 (X, R) ≃ R, which with the Hodge decomposition implies,
ThereforePic(X, g) is a finite dimensional Lie group and has components labelled by the integers, withPic(X, g) (0) being canonically isomorphic to the Jacobian varietyJ ac(X) of flat line bundles modulo gauge equivalence.J ac(X) is equivalently described as the space of all flat connections modulo gauge equivalence,J ac(X) = {(L, ∇)|F ∇ = 0} / ∼, since the holonomy of a flat connection on a line bundle determines a character of the fundamental group, and vice-versa. Since the de Rham operator d is a flat connection, and since any two connections differ by a closed 1-form, and gauge transformations can be identified with closed 1-forms with integral periods, then we see thatJ ac(X) = H 1 (X, R)/H 1 (X, Z), so in particular π 1 (J ac(X)) = H 1 (X, Z). Moreover, by Abelian Yang-Mills theory, one also sees that all of the other componentsPic(X, g) (n) , n ∈ Z \ {0} ofPic(X, g) are (non-canonically) isomorphic toJ ac(X).
Consider the geometric Hecke operators,
which induce the map,
The main theorem of the section is, 
Globally, the Hecke eigenvalue property can be rephrased as,
The Hecke correspondence is the bijection,
HereJ ac Hecke (Pic(X, g)) is the subspace ofJ ac(Pic(X, g)) consisting of all those flat line bundles onPic(X, g) that satisfy the Hecke eigenvalue property (4.1).
Proof. It is easy to construct K (0)
L ∈J ac(J ac(X)), as follows. A flat line bundle L over X is equivalent to a character ρ L of the fundamental group π 1 (X). Also, a character ρ L of π 1 (X) factors through a unique character ρ ′ L of the Abelianization π 1 (X) ab = H 1 (X, Z) of the fundamental group π 1 (X). Since the Riemann surface is oriented, Poincaré duality gives a natural isomorphism
L is the flat line bundle oveř Jac(X) =Pic(X, g) (0) determined by the character ρ ′ L of the fundamental group π 1 (J ac(X)). We begin by defining K L overPic(X, g) (n) for all n > 0. Let p j : X n → X denote the projection to the j-the factor for j = 1, . . . , n. Recall that the external tensor product L ⊠n is defined as the tensor product n j=1 p * j L of flat line bundles p * j L, j = 1, . . . , n over X n , and so is also a flat line bundle over X n . Also, there is an action of the symmetric group S n on L ⊠n given as follows.
Sn is a flat orbifold line bundle over the orbifold Sym (n) (M ), defined by the character Sym (n) (ρ L ) of the fundamental group of Sym (n) (X), or equivalently by a character Sym (n) (ρ ′ L ) of its first homology group. Consider the canonical map h :
Therefore Sym (n) (L) satisfies the analogue of the Hecke eigenvalue property. More generally,
where h m,n is defined in (2.1).
The smooth Abel-Jacobi map A :
(notice that the last map is well defined sincePic(X, g) is an Abelian group). The following diagram is commutative, showing the compatibility of the various maps
The Abel-Jacobi theorem asserts that A n induces an isomorphism,
for all n > 0, which is closely related to Proposition 2.1, since by that proposition, π 1 (Sym (n) (X)) is an abelian group, and so by the Hurewicz theorem, it is naturally isomorphic to H 1 (Sym (n) (X), Z).
Via this isomorphism, the character Sym
L overPic(X, g) (n) . Since the flat line bundle Sym (n) (L) over Sym (n) (X) has the analogue Hecke eigenvalue property cf equation (4.2), it follows that for all n > 0, the Hecke eigenvalue property also holds for the flat line bundle K (n) L overPic(X, g) (n) as claimed. Note that, if we can define the flat line bundle K (n) L overPic(X, g) (n) then we can uniquely extend K L to a flat line bundle K (n−1) L overPic(X, g) (n−1) via the Hecke eigenvalue property as follows. By the global Hecke eigenvalue property,
determines the flat line bundle K (n−1) L overPic(X, g) (n−1) . By induction, it follows that we can uniquely extend K (j) L overPic(X, g) (j) for all j ≤ n and having the Hecke eigenvalue property. This completes the construction of the flat line bundle K L overPic(X, g) having the Hecke eigenvalue property.
Suppose that K L is the trivial bundle. Then by the Hecke eigenvalue property, it follows that L is trivial, and therefore the Hecke correspondence is injective. On the other hand, suppose that K ∈J ac Hecke (Pic(X, g)). Then define the flat line bundle L := K X over X, where X is identified with its image under the (injective) Abel-Jacobi map A : X →Pic(X, g) (1) ⊂Pic(X, g). By injectivity of the Hecke correspondence, K is equivalent to K L .
4.2.
Primitive property of flat line bundles. The harmonic Picard varietyPic(X, g) is an Abelian Lie group under tensor product, µ :Pic(X, g) ×Pic(X, g) −→Pic(X, g);
The main result in this section is that any flat line bundle L onPic(X, g) is a primitive line bundle in the sense that it satisfies,
Equivalently, for all elements L, L ′ ∈Pic(X, g), we must have:
Recall that this is equivalent to the requirement that the total space of the flat principal circle bundle associated to L, is a U (1)-central extension ofPic(X, g). This is but a special case of a more general result that we will now prove.
Lemma 4.2. Let G be a Lie group with fundamental group π 1 (G). Let χ : π 1 (G) → U (1) be a character of the fundamental group, and P χ = G × χ U (1) be the associated flat principal U (1)-bundle, where G denotes the universal covering space of G, which is always also a Lie group. Then P χ is a Lie group, which is a U (1)-central extension of G.
Proof. To see this, recall that P χ consists of equivalence classes of pairs (g, z) ∈ G × U (1), where (g, z) ∼ (gn, χ(n) −1 z). Consider the product (g, z)(g ′ , z ′ ) = (gg ′ , zz ′ ). We need to show that this is well defined. But (gn, χ(n) −1 z)(g ′ n ′ , χ(n ′ ) −1 z ′ ) = (gng ′ n ′ , χ(nn ′ ) −1 zz ′ ) = (gg ′ nn ′ , χ(nn ′ ) −1 zz ′ ), where we use the fact that π 1 (G) is a subgroup of the center of G. This shows that the product is well defined, and that {1}×U (1) is a central subgroup of P χ , and therefore that P χ is a U (1)-central extension of G as claimed. 
